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Jednorozmerná vlnová rovnica na celom IR

Pŕıklad 1. Pomocou d’Alambertovej formuly nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = c2uxx −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) = 0 ∀ x ∈ IR ,

ut(x, 0) = cosx ∀ x ∈ IR ,

pre danú konštantu c ∈ IR+ = {τ ∈ IR : τ > 0}.

Pŕıklad 2. Pomocou d’Alambertovej formuly nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = c2uxx −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) =
{
b− b|x|

a : |x| ≤ a
0 : |x| > a

ut(x, 0) = 0 ∀ x ∈ IR ,

pre dané konštanty a, b, c ∈ IR+ = {τ ∈ IR : τ > 0}.

Pŕıklad 3. Pomocou d’Alambertovej formuly nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = c2uxx −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) = ex ∀ x ∈ IR ,

ut(x, 0) = sinx ∀ x ∈ IR ,

pre danú konštantu c ∈ IR+ = {τ ∈ IR : τ > 0}.

Pŕıklad 4. Pomocou d’Alambertovej formuly nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = c2uxx −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) = log(1 + x2) ∀ x ∈ IR ,

ut(x, 0) = 4 + x ∀ x ∈ IR ,

pre danú konštantu c ∈ IR+ = {τ ∈ IR : τ > 0}.

Pŕıklad 5. Pomocou d’Alambertovej formuly nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = c2uxx −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) = 0 ∀ x ∈ IR ,

ut(x, 0) =
{

1 : |x| ≤ a
0 : |x| > a

pre dané konštanty a, c ∈ IR+ = {τ ∈ IR : τ > 0}.
Potom načrtnite riešenie u v časových okamžikoch

t =
a

2c
,
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c
,
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,
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c
,
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c
.

Pŕıklad 6. Pomocou d’Alambertovej formuly vieme nájsť funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = c2uxx −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) = φ(x) ∀ x ∈ IR ,

ut(x, 0) = ψ(x) ∀ x ∈ IR ,

pre danú konštantu c ∈ IR+ = {τ ∈ IR : τ > 0}.
Ak sú funkcie φ a ψ nepárne funkcie premennej x, dokážte, že aj riešenie u = u(x, t) vlnovej rovnice je nepárnou
funkciou premennej x pre všetky t.



Pŕıklad 7. Riešte uxx − 3uxt − 4utt = 0 , u(x, 0) = x2 , ut(x, 0) = ex .

Pŕıklad 8. Riešte uxx + uxt − 20utt = 0 , u(x, 0) = φ(x) , ut(x, 0) = ψ(x) .

Jednorozmerná vlnová rovnica na polpriamke: odraz v́ln

Pŕıklad 9. Nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR+, splňujúcu

utt = a2uxx 0 < x, t <∞
u(0, t) = 0 0 < t <∞ (1)

ut(x, 0) = 0 a u(x, 0) =


0 : 0 < x < c

c−1h(x− c) : x ∈ (c, 2c)
c−1h(3c− x) : x ∈ (2c, 3c)

0 : 3c < x <∞
pre dané konštanty a, c, h ∈ IR+ .
Načrtnite graf riešenia v časových okamžikoch

tk =
kc

2a
, k = 2, 3, 4, 7 .

Pŕıklad 10. Nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR+, splňujúcu

utt = a2uxx 0 < x, t <∞
ux(0, t) = 0 0 < t <∞ (2)

ut(x, 0) = 0 a u(x, 0) =


0 : 0 < x < c

c−1h(x− c) : x ∈ (c, 2c)
c−1h(3c− x) : x ∈ (2c, 3c)

0 : 3c < x <∞
pre dané konštanty a, c, h ∈ IR+ .
Načrtnite graf riešenia v časových okamžikoch

tk =
kc

2a
, k = 2, 3, 4, 7 .

Pŕıklad 11. Nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR+, splňujúcu

utt = c2uxx 0 < x, t <∞
ux(0, t) = 0 0 < t <∞ (3)

u(x, 0) = 0 a ut(x, 0) =
{
ε−1 : 0 < x < ε

0 : ε < x <∞ ,

pre danú konštantu c ∈ IR+ = {τ ∈ IR : τ > 0}. Ak si označ́ıme riešenie úlohy (3) uε pre pevné ε, vypoč́ıtajte

lim
ε→0

uε .

Jednorozmerná vlnová rovnica na úsečke

Pŕıklad 12. Nájdite funkciu u = u(x, t) definovanú pre x ∈ [0, `], t ≥ 0, splňujúcu

utt = a2uxx 0 < x < ` , 0 < t <∞
u(0, t) = u(`, t) = 0 0 < t <∞ (4)

u(x, 0) = A sin
πx

`
, ut(x, 0) = 0 0 ≤ x ≤ `

pre dané konštanty a,A, ` > 0 .

Pŕıklad 13. Nájdite funkciu u = u(x, t) definovanú pre x ∈ [0, `], t ≥ 0, splňujúcu

utt = a2uxx 0 < x < ` , 0 < t <∞
u(0, t) = u(`, t) = 0 0 < t <∞ (5)
u(x, 0) = Ax , ut(x, 0) = 0 0 ≤ x ≤ `

pre dané konštanty a,A, ` > 0 .



Pŕıklad 14. Nájdite funkciu u = u(x, t) definovanú pre x ∈ [0, `], t ≥ 0, splňujúcu

utt = a2uxx 0 < x < ` , 0 < t <∞
u(0, t) = ux(`, t) = 0 0 < t <∞ (6)
u(x, 0) = Ax , ut(x, 0) = 0 0 ≤ x ≤ `

pre dané konštanty a,A, ` > 0 .

Pŕıklad 15. Riešte 9uxx−utt = 0 , 0 < x < π/2 , u(x, 0) = cosx , ut(x, 0) = 0 , ux(0, t) = 0 , u(π/2, t) = 0 .

Pŕıklad 16. Riešte uxx − utt = 0 , 0 < x < ` , u(x, 0) = 0 , ut(x, 0) = x , u(0, t) = u(`, t) = 0 .

Jednorozmerná vlnová rovnica s pravou stranou na celom IR

Pŕıklad 17. Pomocou d’Alambertovej formuly nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = uxx + f(x) −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) = 0 ∀ x ∈ IR , (7)
ut(x, 0) = 0 ∀ x ∈ IR ,

kde f(x) =
{

1 : |x| ≤ 1
0 : |x| > 1 .

Pŕıklad 18. Pomocou d’Alambertovej formuly nájdite funkciu u = u(x, t) definovanú pre x, t ∈ IR, t ≥ 0,
splňujúcu

utt = uxx + f(x, t) −∞ < x <∞ , 0 < t <∞ ,

u(x, 0) = 0 ∀ x ∈ IR , (8)
ut(x, 0) = 0 ∀ x ∈ IR ,

kde f(x, t) =
{

1 : |x| ≤ 1 a 0 < t < 1
0 : |x| > 1 alebo t > 1 .


